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Summary. We consider an investor whose preferences are described by a concave
nondecreasing function U : (0, 00) — R and prove that in an arbitrage-free discrete-
time market model there is a strategy attaining the supremum of expected utility
at the terminal date provided that this supremum is finite.

1 Introduction and main result

In this paper we study the existence of optimal portfolios for maximizing
expected utility of an investor at the end of the trading period. His or her
preferences are described by a concave nondecreasing function U : (0, 00) —
R, trading dates occur at discrete time instants.

Recently, [8, 9] have treated the same problem, concentrating rather on the
construction of pricing operators using optimal strategies. In this paper we
apply the machinery which was developed in [7] for utility functions U : R —
R and establish the existence of optimal strategies under minimal conditions
(U is concave nondecreasing, absence of arbitrage, the value function is finite).
This general theorem has already been anticipated in section 3.1 of [3] where
the authors proved it for a one-step model and nonnegative price process.

A usual setting for discrete-time market models is considered: a proba-
bility space (£2,F, P); a filtration (F;)o<¢<T such that Fy contains P-zero
sets and a d-dimensional adapted process (S;)o<i<7 describing the prices of
d risky assets in a given economy.

It is implicitly assumed that investors also dispose of a risk-free asset
SY :=1, 0 <t < T; hence trading strategies can be arbitrary d-dimensional
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predictable processes (¢;)1<¢<T, where ¢} denotes the investor’s holding in
asset ¢ at time ¢. Predictability means that ¢, is F;_i-measurable, i.e. the
portfolio is chosen before new prices S; are revealed. Let ¢ denote the family
of all predictable trading strategies.

The value of a portfolio ¢ starting from initial capital ¢ is given by

t
Vol =c+ ) (i, ASi),

i=1

where (-,-) denotes scalar product in R?, AS; := S; — S;_; and ¢ > 0.
Introduce for each 1 < ¢t < T a random subset D;(w) of R%: the affine hull
of the support of the (regular) conditional distribution of AS; with respect
to Fi_1, see Proposition 10.
In this paper we impose the following (fairly natural) trading constraint:
portfolio value should not become negative. Define for ¢ > 0 the set of ad-
missible trading strategies as

Ale) :={ped: V% >0as., 0<t<T} (1)

In what follows, =; will denote the set of F;-measurable d-dimensional
random variables. When a date ¢ is fixed, ¢; is called admissible for initial
capital z if ¢y € = |, where

Ef={{€e = x4+ (£, AStq1) >0 as.}, z €]0,00).
Define for any F;-measurable nonnegative random variable H
Et(H) = {f e=Zy: H+ <£, ASH_l) >0 a.s.},

and also

B = €€ Bt |6W)| = 1, W) € Dipa(w) as.}.
Assumption 1 U : (0,00) = R is a concave nondecreasing function.

Extend U by continuity to 0 (U(0) may be —o0) and set U(z) = —o0, z <
0. By convention, U’'(z) denotes the left-hand derivative of U at z; Ut is the
positive part of U.

We are dealing with maximizing the expected terminal utility

EU(VE?) = max, ¢ € Alc). (2)

So as to have a well-posed problem the following absence of arbitrage
(NA) property will be imposed:

(NA) Ve>0VYpe Ale) (V% >cas. = V% =cas.). (3)
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Theorem 1. Let Assumption 1 hold and let S satisfy (3). Suppose that the
expectations in the definition below exist (though might take the value —o0)

u(c) :== sup EU(V;’¢), (4)
$EA(c)
and
u(c) < oo for all ¢ € (0,00). (5)

Then for each ¢ € (0,00) there exists a strategy ¢*(c) satisfying
u(e) = BU(V ),
moreover one has ¢;(c) € Dy a.s.

We will present the proof of Theorem 1 in sections 2 and 3. A possible
extension (Theorem 3) to random utility functions is sketched in Remarks 4
and 5.

Remark 1. In fact, it is sufficient to supppose that there exists ¢ > 0 such
that u(c) < oo. In this case Lemma 2 entails that for any strategy ¢ and any
A>1

UH(Vpo?) < 22U (V) + U ()],

and the latter has finite integral by u(c) < oc. This means that for any ¢’ > ¢
the expectations in the definition (4) of u(c') exist. It is easy to see that u(:)
is concave, hence if we had u(c') = oo for some ¢’ > ¢ then

u(c/2) = u(ad + (1 — a)c/4) > au(d) + (1 — a)u(c/4) = o0,

where a € (0,1) is a suitable number. But this is impossible, as by mono-
tonicity
u(c/2) < u(c) < oo.

Remark 2. Theorem 1 is false in general semimartingale models. As demon-
strated by counterexamples of [6], in the continuous-time case certain addi-
tional properties have to be imposed on U so as to get existence of optimal
strategies.

We mention a uniqueness result whose proof is omitted as it is identical
to that of Theorem 2.8 in [7].

Theorem 2. If U is strictly concave then there is a unique optimal strategy

¢* satisfying
#; € Dy as.

We will need an alternative characterization of (NA), see the Proposition
below. This statement is implicit in Theorem 3 of [4], where it is shown that
absence of arbitrage is equivalent to the fact that 0 lies in the relative interior
of the convex hull of the conditional distribution of AS; with respect to Fz_1.
We make this more explicit and “quantitative”:
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Proposition 1. Under (NA) the set Dy(w) is actually a vector subspace of
R?, almost surely. (NA) implies the existence of F-measurable random vari-
ables By, ky > 0 satisfying

Vp € Zy P((p, ASp41) < —Bi|Fs) > i, (6)
almost surely; for all 0 <t <T —1.
Proof. The “standard” absence of arbitrage property is the following
(NA) Voed (V2P >0as = V2" =0as)

It follows from Theorem 3 of [4] and Proposition 3.3 of [7] that if (NA’) holds
then D, is a vector subspace and (6) holds. So it suffices to establish that
(NA) and (NA’) are equivalent. (NA’) trivially implies (NA) since if we had
a ¢ violating (NA) we would immediately get

Vel =Vi® —e>0, PVy?>0)>0,

which contradicts (NA’). The other direction is also clear: if there is ¢ such
that (NA’) fails then we know from the implication (b) = (a) of Theorem 3
in [4] that there is ¢ such that V>¥ >0, 0 <t < T and P(Ve¥ > 0) > 0.
For such a strategy

VoY >cas, 0<t<T, PVEY>e¢) >0,

so 9 € A(c) and (NA) is violated.

2 Optimal strategy in the one-step case

Let V : [0,00) x 2 &> RU {—00} be a function such that for almost all w,
V(-,w) is a nondecreasing continuous concave function, V(x,w) is finite for
z € (0,00) and V(z,-) is F-measurable for any fixed z. Let H C F be a
o-algebra containing P-zero sets. Let Y be a d-dimensional random variable.
Denote by = the family of H-measurable d-dimensional random variables.
Introduce

Ei={te5: Ew) =1, &w) € D) as},
EPi={leE: z+{Y)>0as}, z€[0,00),

here D denotes the smallest affine subspace containing the support of the
conditional distribution of ¥ with respect to H (see section 4). We suppose
that D is actually a vector subspace a.s. and that

P((p,Y) < —8|H) > k, for all p € =, (7)
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with some #-measurable random variables «,d > 0.
Introduce also

EH = {¢eZ:H+({Y)>0as.},

for each H-measurable nonnegative random variable H.

This setting will be applied in section 3 with the choice H = F;_1, D =
Dy, Y = AS;; V will be the supremum of conditional expected utility if
trading begins at time t.

Assume that

V(1) >0 as. (8)

and for all z € [0, 00)

ess. sup E(V(z 4+ (£, Y))|H) <o as. (9)
(eEe

A number of preparatory results are needed.
Proposition 2. Let £ € =% be fized. There ezists a version of
y > EV(y+(EYNDH), y >z,

such that it is a nondecreasing upper semicontinuous concave function (per-
haps taking the value —oc), for almost all w.

Proof. Fix a version of F(q,w) := E(V(g + (£,Y))|H) for ¢ € Q4. The
following inequalities hold almost surely for any pairs ¢1 < ¢ of rational

numbers: Fla) + Flo)
@+ q ) + I
Fla) < Flg), F(=5—)2 5 :
Let us fix a P-zero set N such that outside this set the above inequalities
hold. Fix y € [z,00) and take rationals g, \, y. The monotone convergence

theorem yields
F(y+) =lm F(gn) = im E(V (g + (§,Y))[H) =
E(V(y+ (& Y))H), as.

showing that the right-continuous pathwise extension of F' is as required.

Remark 3. If E(V(z + (£,Y))|H) is almost surely finite then, by concavity,
we get an almost surely continuous version from the above Proposition.

Proposition 3. Let z > 0, £ € 5%. Then £ € 5%, where £(w) is defined as
the orthogonal projection of £(w) on the subspace D(w), for all w. Further-
more,

E(V(z+ (&, Y))|H) = E(V(z + (£ Y)|H),

almost everywhere.
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Proof. To see .
z+{,Y)>0as. (10)

we proceed as follows: take a regular version p(dz,w) of P(Y € dz|H). Notice
that for almost all w:

suppu(-,w) C D(w), u({y:z+ ({(w),y) > 0},w) =1,

so necessarily

~

p{y sz +(€(w),y) > 0},w) =1,

which shows (10). For the rest of this technical proof we refer to Proposition
4.6 of [7].

Lemma 1. Let us fix xo > 0. There exists a H-measurable random variable
K = K(zg) > 0 such that for any x < x¢ and £ € =7 satisfying £ € D we
have |¢| < K almost surely.

Proof. Indeed, we know from (7) that if |{| > %2 then necessarily for any
z < xo
Pz +{£Y)<0H)>£K>0,

which means that £ ¢ 5%, hence we may set K := z4/4.

When showing the existence of an optimal strategy we will use a Fatou-
lemma argument for which we need the two Lemmata below.

Lemma 2. Let V : (0,00) — R be a concave nondecreasing function such
that V(1) > 0. Then for allz >0 and A > 1

VT(z) <2V (z) + V(2)].

Proof. First let us suppose > 2. In this case

Viz) V(1)

Vt(az) =V(Az) <V(z)+V'(@z)( Az —2) <
z—1 <

V(z) + zA=1)<V(@)+20-1)(V(z) -V(Q)) <
2\V (z),

where we used concavity, z > 2 and V(z) > V(1) > 0. For z < 2 by
monotonicity
VT(Az) < V(2)) < 2AV(2).

Putting these estimations together, for any x > 0
V*H(Az) < 2Amax{V(2), V*(z)} < 2A[VF(z) + V(2)],

as desired.
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Lemma 3. Fiz © > 0. There exists a nonnegative random variable L such
that for any £ € E*, £ € D

Vi@ +(£Y)) <L, E(LH)<x as. (11)

Proof. Take the random set M (w,z) of Proposition 11 and its linear span
R(w, x), see Proposition 12. It suffices to carry out the majoration separately
on the sets

A :={w:dim R(w) =k} e H, 0< k <d,

i.e. finding Ly such that
V@ + (& Y)a, < L, E(LiH) < o

The case k = 0 being trivial we may and will suppose that dim R =m > 1
is a fixed constant. Let the R?-valued random variables (;, 1 < j < m
be such that they form an orthonormed basis of R, almost surely. Define
W := {—1,+1}™ and introduce the vectors

0; := Zi(j)gj, ieW.

Jj=1

Tt is clear from Lemma 1 that M (z) is contained in the m-dimensional cube
with edges K6;, i € W, almost surely. As a linear function defined on a poly-
hedral set attains its maximum in one of the extreme points, we immediately
have for all selectors £ € M (z), i.e. for any £ € =%, £ € D

z+{£Y) < \/ (z + K{6;,Y)) as.
iew
so by monotonicity
Viz+&Y) <\ Vie+K(@6;:,Y)) as.
iEw

thus
Vi@ +(&Y) <) Vi@ +K(6;,Y)) as. (12)
icw
The relative interior ri M is also a random set by Proposition 12. Let p be
an H-measurable selector of ri M. Then

B;:={(w,a) € 2 x(0,1]: p+a(Kb;—p) € M(z)} € H B((0,1])

has a projection of probability 1 on (2, i € W. Hence B;, i € W admit
‘H-measurable selectors ;. Now Lemma 2 implies
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Vi + K(0;,Y)) =V (z +(p,Y) + (Kb; — p,Y)) < (13)
1
2 [V*(Wi(z + (p,Y) + ¥i{K8i — p,Y)) + V(2)] <

2 :
— V(@ +{p,Y) + (i(K8; — p),Y)) + V(2)], i€W.
(2
where we used Lemma 2, monotonicity of V', ¢; <1 and p € =7. Define

Li=23 L[V + (0, Y) + (K8 — p), V) + V(2.
iew 7t
As 1); is chosen in such a manner that
p+¢z(K6’l - P) € M(.’E)7 i€ WJ

we have, using (9)
B =2 Y BV (@ + (p.Y) + (Wi(K8, = ). Y)IH)+
icw 7!
+2™HE(V(2)|H) < 0.

The majorations (12) and (13) imply (11).
Now a regular version of the essential supremum is shown to exist.

Proposition 4. There is a function G : [0,00) x 2 = RU {—oc0} which is a

version of
ess. sup E(V(z + (£, Y))|H)
geze
for each fized z € [0,00); nondecreasing, concave, continuous on [0,00) and
finite valued for x € (0,00), for almost all w.

Proof. Take a version G(q,w) of the essential supremum, for ¢ € Q4. As
0 € =7 for all z, E(V(z + (£,Y))|H) is almost surely finite-valued for each
x € (0,00). Outside a P-zero set the monotonicity and convexity relations

) Z M: q1,92 €Q+7

2

1
Gla) <G(g), ifa<¢, G (— (@1 + @) 5

hold, hence on a set of probability 1 we may extend G by monotonicity to a
nondecreasing concave function on (0, o), which is finite-valued (and hence
continuous).

Take any z € (0,00) and two sequences of rationals g, ' z, r, \( z. As
for y < z the relation =¥ C =% holds, we get that

ess. sup E(V(z + (£,Y))|H) > limsup G(g,) = G(z),
feze n

ess. sup E(V(z + (£, Y))|H) < liminf G(r,) = G(z),
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which shows that G(z) is a version of the essential supremum for each = €
(0, 00). By construction G(0) is a version of the essential supremum at z = 0,
so it remains to check continuity of G at 0, i.e.

lim ess. sup E(V(1/l+ (£, Y))|H) =ess. sup E(V({,,Y))|H). (14)

l—o00 gezt £ez0

The limit exists by monotonicity on a set of probability one and certainly
greater than or equal to the right-hand side above. The particular structure
of the family whose essential supremum is taken guarantees that for each
1 € N there exists 1; € Z'/¢ such that

|ess. sup/ EWVQ/l+ (YN H) - EVQA/L+ (i, Y)|H)| <1/l as.
5651 1

We may supppose i; € D by Proposition 3. Then Lemmata 1 and 6 imply that
a random subsequence 7, exists such that n;, — 7, £ — oo almost surely
and §j € Nz>0=® = Z°. Continuity of V, Lemma 3 and the Fatou-lemma
guarantee that

i BV (/U + (, Y))IH) < BV, Y))[H) < ess. sup, EV{&Y)IH),

hence assertion (14) follows.

We construct a sequence of strategies converging to the optimal value for
all z € (0,00).

Lemma 4. There ezxist B(Ry ) ®H-measurable functions &, (x,w) and suitable
versions Gp(z,w) of

E(V(z + (n(2), Y))|H),

such that outside a fized P-zero set we have for all x € (0,00)

lim G,(z) = G(x), (15)

n—oo

and the limit is attained in o nondecreasing way.

Proof. Tt suffices to prove this for x € [1,2); in an analogous way we get
sequences &, for all the intervals [n,n+1), [1/(n+1),1/n), n € N and then
by ”pasting together” we finally get an approximation along all the positive
real axis.

Fix a version G(-,w) of the essential supremum given by Proposition 4.
First notice that, for fixed x € (0, 00), the family of functions

EV(z+(&Y)H), L€ E° (16)

is directed upwards, so there is a sequence 7, (x) € =% such that
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lim 1+ E(V(2 + (1(2),Y))|H) = ess. sup E(V(z + (£, Y))[H),

n—oo gese

almost surely. Let us fix such a sequence for each dyadic rational ¢ € [1,2).
Now set

éo(z,w) :=0.
Suppose that &, ..., &,—1 have been defined, as well as &,(z,w) for 1 <z <
1+ k/2" for some 0 < k < 2" — 1. If k = 0 we set &,(7,w) = KO, = €
[1,1+ 1/2"), where 2 is chosen such that
E(V(14+{rp, Y)H) > E(V (1 + (£, 1(1),Y)) [H)VE (V (1 + (n,(1),Y)) [H) .

If1<k<2™—1 weset

1+

1
6ulow) = rb@), e |14 214 EED),

where kk € Z1+k/2" is chosen in such a way that almost everywhere
E(V(1+E/2" + (k5 Y)H) > uk v ok vk, (17)

Here we use the notations
uﬁ::E(V(l-l-Qin <§n (1+k2—nl),y>) |H),
vﬁ::E(V(1+£ <nn (1+£),Y>> IH),
n n
wt = F (V (1+ 2% + <£n_1 (1 + zﬁn) Y>) |’H) )

This is possible, as the family (16) is directed upwards and £% C =% fory < z.
The latter fact implies also that actually k* € =¥ for y € [1 +k/2",1+ (k +
1)/2™), so &y (z) € E® for all z € [1,2).

Using Propositions 2 and 4 as well as (17) it is easy to see that there is
a P-null set N such that outside this set G(-,w) is continuous and suitable
versions G, (-,w) of

E(V(z + (6n(2),Y))|H)(w)
are nondecreasing and continuous on subintervals of the form [1 + k/2™,1 +
(k+1)/2™),0 <k <2™—1, for all n € N. By the definitions of n,(z) and
&n(x) we see immediately that (outside another P-zero set N') for all dyadic
rationals g € [1,2):
G(q) = lim 1 Gn(q)-
n—oe

Consequently, outside N U N’ the sequence G, () is nondecreasing in n, for
all z € [1,2). For any z € [1,2) and dyadic rationals ¢; < z < ¢o,
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Gn(Ql) < Gn(w) < Gn(Q2)
outside N, so necessarily

G(qr) < liminf G() < limsup Gy () < Gla2),

outside N U N'. The function G being continuous at x, we get almost sure
convergence to G in all points z € [1,2).

The following Lemma contains the actual construction of the one-step
optimal strategy.

Lemma 5. There exists a B(R,.) ® H-measurable function &(x,w) such that
for each z € (0,00)

E(V(z+ ({(2),Y))|H) =ess. sup E(V(z + (£, Y))[H).

{exe

Proof. Tt suffices to prove this for e.g. 2 € [1,2), then one can ”paste together”
the optimal strategy for x € (0,00). We take an approximating sequence
&, as provided by Lemma 4, then change to the projections én figuring in
Proposition 3. Using Proposition 2 and the structure of the approximating
sequence one can see that G, is a version of

E(V(z + (&, Y))H),
and almost surely
E(V(z + (&, Y))[H) = G(z), for all z € [1,2).
Then take zo := 2 and apply Lemma 1. It follows that, almost surely,
|€n ()| < K (x0), for all z € [1,2).

Now use Lemma 6 to find a random subsequence j, := én,c of én converg-
ing to some &. Apply the Fatou-lemma (we shall justify its use in a while):

E(V(z+ (), Y)[H) 2 lim sup E(V(z + (7 (2), Y))|H).

By the structure of the random subsequence in Proposition 6
E(V(z + (ijk(2),Y))[H) > E(V(z + (6n, (2), Y))[H),

so the construction of the approximating sequence in Lemma 4 implies that
for all z ~
E(V(z + ({(z),Y))[H) > G(z) as.

hence by the definition of G

E(V(z + (£(x),Y))|H) = G(z) a.s.
It remains to check that we were allowed to invoke the Fatou-lemma. This
follows from Lemma 3, the random variable L figuring there is a suitable
majorant.
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Proposition 5. The £ constructed in the proof of Lemma 5 satisfies E(H) €
EH and

G(H) = E(V(H + (£(H),Y))|[H) = ess. sup E(V(H + (£,Y))|H) a.s.,

fezH

for any H-measurable [0, 00)-valued random variable H; here G is the function
constructed in Proposition 4.

Proof. By the piecewise constant structure of the approximating sequence of
Lemma 4 we have

P(VzVn z+ (€(z,w),Y) >0)=1.
Random subsequences do not change this, so
P(Vz z+ (£(z,w),Y)>0) =1,
which implies £(H) € 5H.
For the proof of “<” in the first equality we refer to Proposition 4.10 of

[7]. The left-hand side of the second equality is clearly not greater than the
right-hand side, so we need only to show that for fixed £ € ZH:

G(H,w) > E(V(H + (£, Y))|H) as. (18)

For step functions H (18) is clearly true. Now for general H take a decreasing
step-function approximation H,, of H. Then ¢ € ZH C ZH~ for all n, hence

G(Hyp) > E(V(H, + (§,Y))|H) as.,

the left-hand side converges by path regularity of G, the right-hand side by
monotone convergence, so (18) is proved.

Remark 4. Results of the present section may be extended to a slightly more
general setting. We briefly sum up the major modifications.

Let V : [0,00) X 2 — R U {—o0} be a function such that V(z,-) is
F-measurable for each z and for almost all w the function V(-,w) is nonde-
creasing, concave and upper semicontinuous. Introduce

O(w) :=0Vsup{g € Q; : V(q,w) = —0}.
Assume that O is a bounded random variable and introduce
0 :=ess.inf{X : o(X)CH, Ip€ Zst. X +(p,Y) > 6O as.}.
Redefine =¥ for each H-measurable H > 6 as

EH .—{teE5: H+(Y)>0as.}).
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Replace (9) by

Vz €[0,00) ess. sup E(V(z+ ({,Y)|H) < o0

gezite

and (8) by
V(F) >0, (19)

where F' > 0 is some constant. Otherwise let the notations and hypotheses
at the beginning of this section be valid.
One needs to construct regular versions of

y—=EVO+y+{EY)H), y>2

for ¢ € 2%+ in Proposition 2.

Proposition 3 and Lemma 1 remain almost unchanged except for replacing
52 by Z2%9. The estimation of Lemma 2 is slightly modified due to (19),
Lemma 3 remains practically the same.

Instead of Proposition 4 one has to establish

Proposition 6. There is a function G : [0,00) X 2 = RU {—o0} such that
G(6 +y) is a version of

ess. sup E(V(@+y+ (&Y))H)

gegoty

for each fized y € [0,00). G(z,w) = —0 if z < O(w), G(-,w) is a non-
decreasing, concave, continuous function on [(w),o0) and finite-valued on
(0(w), 0); for almost all w.

In Lemma 4 the approximating sequence should be constructed on the
random interval (6, 00). Then along the same arguments we finally arrive at

Proposition 7. There exists a B(R) @ H-measurable function £ such that for
any H-measurable random variable H > 6 we have {(H) € ZH and

G(H) = E(V(H + (£(H),Y))|H) = ess. sup E(V(H + (£, Y))[H),

gezH
almost surely.
3 Dynamic programming
From now on we suppose
U(1l)=0. (20)

This is to assure (8), which plays a role in Lemma 2. Obviously there is no
loss of generality as by adding a constant to the utility function one may
always have (20) without changing the optimal strategy.
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Define by recursion the following random functions. The existence of the
conditional expectations will be shown in Proposition 8 below.

Ur(z,w) :=U(z), z€0,00), we€, (21)
and for 0 <t < T set

Us(w,w) = ess. sup B(Usy1(z + (&, ASi))|F) (), o € [0,00), w € 2,
§EET
(22
later on we shall suppress the dependence on w in the notation. Set U;(x) :
—00, < 0.

~—

Proposition 8. The functions Uy, 0 < t < T have versions which are al-
most surely nondecreasing, concave and continuous on [0,00), finite-valued
on (0,00) and

ess. sup E(Ui(z + (£, ASi)|Fi_1) < 00, z € [0,00), 1 <t<T, (24)
5T,

are satisfied, where the expectations are well-defined. There exist B(Ry ) ® Fy-
measurable functions &1, 0 <t < T — 1 such that for all x € (0, 00)

Ug(z,w) = E(Ups1(z + (€41 (2), ASi41)) | ). (25)

Proof. Going backwards from T to 0, apply Lemma 5 with the choice V :=
Ut, H= .7:13_1, D .= Dt, Y = ASt

We need to verify the conditions of section 2: D is a random subspace by
Propositions 1 and 10; (7) follows from (6); (8) and (9) will come from (23)
and (24). We will check (23) and (24) in a little while.

Expectations exist by (9), a good version for Uy is provided by Proposition
4. Denote the resulting € of Lemma 5 by &, 1 < t < T, it certainly satisfies
(25).

It remains to establish (23) and (24). The first statement is true, since

Ui(z) > E(Upsr ()| F) > -+ > E(Ur(2)|F) = U(x), (26)

and U(1) = 0 by Assumption 1. As to the second statement, it holds for
t =T by (5). For t =T — 1 consider

Ur—i(z + (¢ AST-1)) =
E(Ur(z + (¢, ASt—1) + (ér—1(z + (£, AST_1)), AST))| Fr_1),

so the statement holds by (5) again. For other values of ¢ the notation gets
more and more complicated, but the same argument applies.
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Now set ¢%(c) := & (c) and define inductively:

t
$ipa(c) = Ea(c+ Y (95, 48))), 1<t<T—1.

i=1

Joint measurability of & assures that ¢* = ¢* (¢) is a predictable process
with respect to the given filtration.

Proposition 9. We have ¢* € A(c) and for any strategy ¢ € A(c),
E(UVE?)|Fo) < BU V)| Fo) = Uo (). (27)

Proof. Notice that ¢; € Et_l(i/;c_’qf*), so ¢* € A(c). Remembering Ur = U
and using Proposition 5, we may rewrite the right-hand side of (27) as follows:

E(Ur (V)| Fo) = B(EWUr (Vi) + (¢, AST)|Fr—1)|Fo) =
= E(Ur1(V7%)|Fo).
Continuing the procedure, we finally arrive at ¢* € A(c) and

BV )|Fo) = BU(V")|Fo) = E(UL(e + (47, A51))| Fo) = Va(c).
(28)
We remark that all conditional expectations below exist by Proposition 8.
By the definition of Ur_; and ¢ € A(c) one has ¢r € E’T_l(stfbl) and

EUr (Ve Fro1) = BUr(Vedy + (br, ASr) | Fro1) < Ur 1 (Vi) as.
Iterate the same argument and obtain
BE(UVi?)|Fo) < Us(e) as. (29)
Putting (28) and (29) together, one gets exactly (27).

Proof (of Theorem 1). Proposition 9 shows that u(c) = EUp(c) and the ¢*
constructed in the last two sections is a maximizer such that ¢} € D;.

Remark 5. We indicate how Theorem 1 can be generalized. Let B > 0 be a
bounded random variable, interpreted as a contingent claim. Define recur-
sively the superhedging prices by

7TT(‘B) = B;
m¢(B) :=ess.inf{X : 0(X) C Fy, Ip € Z¢ X + (¢, ASp41) > m41(B) a.s.},

for0<t<T-1.
Define for ¢ > mo(B)

AB,c):={ped: V>’ >m(B)as., 0<t<T},
and redefine for each F;-measurable H > m(B)

Et(H) = {§ €= H+ <§,Ast+1> > 7i't+1(B) a.s.}



16 Miklés Résonyi and Lukasz Stettner

Theorem 3. Suppose that the conditions of Theorem 1 hold and Fy is trivial.
Then for all ¢ > mo(B)

u(B,c):= sup EUWVE? - B) < oo, (30)
¢p€A(B,c)

and there exists ¢*(c) € A(B,c) such that
w(B,c) = EU(VS? ) — B).

Proof. As Fy is trivial, mo(B) is a constant. (30) follows from (5) and bound-
edness of B. Since B is bounded, by Assumption 1 there exists F' > 0 such
that Ur(F) > 0, and this will remain true for each Uy by (26).

Replace (21) by

Ur(z,w) :=U(zx — B(w)), ¢ > B(w), Ur(z,w) = —c0, z < B(w),
set for y € [0, 00)

Ug(m¢(B) + y,w) := ess. sup E(Uga(me(B) +y + (€, ASe 1)) Fe),
EEE (me(B)+y)

and
Ui(z,w) = —00, z < m(B)(w),

instead of (22) and follow the argument of this section. Use the extended
setting of section 2 as explained in Remark 4. Apparently, ©, § will correspond
to mgq1(B),m(B) in the backward induction. The rest of the argument is
essentially unchanged.

4 Auxiliary results

We shall often rely on the measurable selection theorem, see III. 70-73 of [2].
Let H C F be a o-algebra containing P-zero sets. An ‘H-measurable random
set or measurable multifunction A is an element of H ® B(R?), where B(R?)
denotes the Borel sets of R?. A random affine subspace A is an H-measurable
random set such that A(w) is an affine subspace of R? for each w.

Let Y be a d-dimensional random variable and u(-,w) := P(Y € -|H) a
regular version of its conditional distribution. Let D(w) be the smallest affine
subspace of R? containing the support of u(-,w).

Proposition 10. D is an H-measurable random affine subspace.

Proof. We begin by showing that suppu(-,w) or, equivalently, its complement
supp® u(-,w) is a random set. Let G be a countable base for the topology of
R?. Then

supp’ (-, w) := ( J{G € G: u(G,w) =0},
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which proves the assertion. Actually, Z(w) := conv(suppu(-,w)) is a random
set, where conv(-) denotes closed convex hull, this follows from Theorem III.
40 on p. 87 of [1].

Take a measurable selector v(w) of Z(w); Z — Z contains the origin in its
relative interior and

U {nz: z € Z(w) — Z(w)}| +v(w),

neN
equals D(w), which proves the Proposition.

Proposition 11. Fiz z > 0. There exists M (z) € HRB(R?) which is convez,
compact, almost surely and

EE€EE" and £ €D a.s. < £€ M(z) as.

Proof. Take a sequence of H-measurable random variables ¢; such that for
almost all w the sequence o;(w), ¢ € Nis dense in suppu(-, w). Such a sequence
exists by Theorem III. 22 on p. 74 of [1]. Define the convex closed random
set

M(z) = ({(w,p): 2+ (p,0i(w)) > O}
ieN
The following series of equivalences is clear:
EEE" < Pz +({Y)>0)=1 <= P+ (,Y)>0H)=1, as.
= p({y € R :z+ (£(w),y) > 0}w) =1 as. <
{y € R?: z+ <€(w)ay) > 0} 2 suppu(-,w) a.s. —
{y eR?: 2+ (£(w),y) >0} 3 0;(w) as., i €N,

and this last one means precisely ¢ € M (z) a.s. Define M (z) := M(z) N D.

The argument of Lemma 1 implies that M (z) is compact, almost surely, so
M (z) is as desired.

Let ri M (z,w) denote the relative interior of M (z,w) and let R = R(z,w)
denote the linear span of M (z,w).

Proposition 12. Both ri M (z) and R(z) are H-measurable random sets.

Proof. The set M — M contains 0 in its relative interior, hence
R= U{nz: z€M—- M}
neN

and this is indeed a random set. Take H-measurable random variables
(i(w), 1 < i < d which are orthogonal and generate R(z) (some of them
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might be 0), this follows easily from the measurable selection theorem. The
function

d
[dim R(2)](w) := Y I{¢; 203 (@)
j=1
is H-measurable. It suffices to prove the Proposition separately on the events
{w:dim R(z,w) =m} € H,

for each 0 < m < d. The case m = 0 is trivial, so we suppose, without loss
of generality, that dim R(z,w) = m > 1 for a fixed m. We may assume that
(i(w), 1 <4< mis an orthonormed basis of R(z,w).

The interior points are precisely those, around which a little cube can
be drawn in R(z) which still belongs to M (z). As M(z) is convex, this is
equivalent to the fact that the edges of that cube belong to M(z). Hence

i M@) = (J @p):

neN

> i4)¢ (W) € M(w, @), Vi€ {—1,+1}™ ¢,
7=0

which is clearly a measurable multifunction.

Lemma 6. Let a,b € R, a < b. Let 0, : [a,b] x 2 — R? be a sequence of
B([a,b]) @ H-measurable functions such that for almost all w

Vz liminf |, (z,w)| < co.
n—oo

Then there is a sequence ny, of B([a,b]) ® H-measurable N-valued functions,
ng < Ngt1, kK € N such that i (z,w) = Ny, (z,w) converges for all x to
some fj(z,w) as k — oo, for almost all w. To put it more concisely, there is
a convergent random subsequence.

Proof. This is just a variant of Lemma 2 in [5].

5 Conclusions

Finally, we present a concrete model class where there exists an optimal
investment strategy. Let YV denote the family of random variables with finite
moments of all orders.

Proposition 13. Let U satisfy Assumption 1. Let |S¢| € W, 0<t < T and
supppose that (6) holds with 1/8; € W, 0 <t < T — 1. Then (5) holds and
the conclusion of Theorem 1 is true.
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Proof. For notational simplicity let £AS; denote scalar product. We shall
show by backward induction that there exists J; € W such that

Ui(z) < Jyz < 00, z € (0,00), 0 <t <T.

Indeed, for ¢t = T this is true with Jr := U'(1). Now suppose that this
statement has been established for s > ¢ + 1. Proposition 3 and Lemma 1
imply that

ess. sup E(Uit1(z + EASi41)|F) =ess. sup  E(Ugg1(z + EASi+1)|Fe)

§eEY EEETP EED 11

S EUgr(z + |ASi1|x/Be)|Ft) < E(Jig12 + Jip12| ASe1|/Be| Fe),

so we may set Jy := E(Jiy1(1+|ASiy1]/Be)|Fe)- Finally we arrive at Up(z) <
J almost surely, where J € W so we get for all x > 0

u(z) = EUp(z) < oo,

i.e. (5) holds true. The proof of Theorem 1 shows that there exists an optimal
0.

Remark 6. The previous Proposition applies in particular when §; = § is a
deterministic constant. The hypothesis that (6) holds with deterministic g is

called uniform no-arbitrage condition. This assumption has been introduced
in [8].

Remark 7. One may consider concave nondecreasing functions U : R — R.
Under (NA), (5) and additional hypotheses on U there exists an optimal
strategy in @, see [7]. We may also look at “tame” portfolios, i.e. ¢ such that
there exists a € R satisfying

Ve >aas,0<t<T. (31)

Theorem 1 of the present paper immediately implies that (under (NA) and
(5)) there exists an optimal strategy among the ¢ satisfying (31) with a
fixed a. It is an intriguing question under what kind of conditions there is an
optimal control among all tame strategies.
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